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INTRODUCTION 
In a finite dimensional linear topological space, a convex body P (i.e., a 
closed bounded convex set which contains the origin in its interior) can be 
defined to be a convex polyhedron if 
(1) P is the intersection of finitely many closed half spaces. A dual, but 
equivalent statement to (1) is 
(2) P is the convex hull of a finite set (Lemma 2.6). 
In [l], we generalized (1) to infinite dimensional spaces, calling the convex 
bodies so obtained, convex polytopes. 
The definition given therein is a natural extension of the notion of a convex 
polyhedron in that the concepts are indistinguishable in finite dimensional 
spaces and many of the geometric properties of convex polyhedra carry over 
to convex polytopes in infinite dimensional spaces. This definition gives a 
geometric characterization of all subspaces of the Banach space c,,(E) of real- 
valued functions on E which can be made arbitrarily small off some finite 
subset of E. One disappointment of this generalization occurs since these 
infinite dimensional convex polytopes do not have extremal points. 
In Section 2 of the present work we generalize (2) to infinite dimensional 
spaces, calling the convex bodies so obtained dual convex polytopes. The 
main Theorems of this section are Theorems 2.2 and 2.3 which essentially 
characterize dual polytopes as being polars of convex polytopes. It follows 
from this (Theorem 2.7) that a dual convex polytope is never a convex 
polytope unless the underlying space is finite dimensional. In this case both 
types of polytopes are convex polyhedra. 
The main result of Section 1 is Theorem 1.4 which asserts that the polar 
of a convex polytope (and hence a dual convex polytope by Section 2) is the 
norm closed convex hull of its extremal points. This result is crucial to the 
proof of the main theorems of Section 2. It shows that the extreme point 
deficit mentioned above, of an infinite dimensional convex polytope, is not 
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present in infinite dimensional dual convex polytopes. As a corollary to Theo- 
rem 1.4 and [l, Corollary 4.1.11 it follows that the unit ball of the adjoint 
of any subspace of c,(E) is always the norm closed convex hull of its extremal 
points (Corollary 1.5). 
Other than basic duality considerations, and elementary properties of 
convex polytopes which are exhibited in [l], the main tools that are used are 
the Krein-Milman Theorem, the Hahn-Banach Theorem, and the more 
recently announced result of Bishop and Phelps [2] which we have used in 
the form of Lemma 1.3. Motivation for the proofs of the main theorems of 
Section 2 is suggested by the proof of Lemma 2.6 which the reader might 
prefer to read first. 
Throughout this paper X will denote a real Banach space and P a convex 
body which is contained in X. If r is a subspace of linear functionals on X 
then the weak (F) topology will refer to the weakest locally convex linear 
topology in which every member of r is continuous. If not specified by the 
notaion or otherwise, all topological concepts will be in reference to the norm 
topology. Thus the symbols cl (K), int (K) and Z (K) will denote the strong 
closure, interior and closed convex hull, respectively, while the subscripted 
symbols cl, K, int, K and Eij= K will be understood to be the weak (r) closure, 
interior and closed convex hull of K, respectively. The symbol X* will 
denote the adjoint of X (relative to its strong topology) and for each x E X, 
2 will be that member of X** defined by 2(x*) = x*(x), while 8 will denote 
the class of all functionals f. If x’ is a subspace of X* and we wish to restrict 
the functions of X to X’ we will denote the restriction of these functions by 
2 and the collection of all of these functionals by X. The importance of this 
subtle distinction lies in the fact that when 2 is considered as a functional on 
X* it may have a larger norm then when it is considered as a functional 
on x’. We point out here for future reference however, that the Hahn-Banach 
Theorem implies )I 2 11 < 1) R 11 = 1) x 11 , i.e., that the map x -+ .% is norm 
decreasing. 
By the polar K" of a convex set K we will mean 
K” = (I {x* EX* 1 x*(x) < I}. 
%-EK 
Bourbaki [3] has studied the natural duality between K and K”. The basic 
duality properties that we will freely use are as follows: 
(a) If K contains 0 in its interior then K” is bounded. 
(b) If K is bounded then K” contains 0 in its interior. 
(c) If a bounded convex set K can be expressed as 
K = 
Ql 
{x E X 1 x:(x) < l} then P=co;{x,*IaE%}. 
(I 
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The results which are stated in [ 1, Section 41 for the Banach space (ca) 
of real sequences converging to zero, can be generalized in an obvious way to 
c,,(E). More specifically if we omit the separable or countable restrictions in the 
statements of Theorems 4.1 and 4.2 of [l] then we can change (cc,) to c,,(E) 
in both of these theorems and appropriately change their corollaries. We will 
freely draw on these more general results in the proofs of Corollaries 1.5 
and 2.4. 
1. PROPERTIES OF THE POLAR OF A CONVEX POLYTOPE 
For convenience we recall [l] that a convex body P in a Banach space X 
is said to be a convex polytope if it can be expressed as the intersection of 
a finite collection (E, 1 a E %!I} of closed half spaces having the property 
that for each x E X there exists a finite subset 210 of 2l such that 
x E n (E, 1 01 E ‘?I\%,,}. Since 0 E int (P), for each (Y E 2I we can find a unique 
x: E X* such that {x E X ] x,*(x) f l> = E, . The set {ZC~ ] Q! E a} is called a 
representation of P and it has already been observed [ 1; Proposition 2.7 that P 
has a minimum representation. 
In this section we will characterize the extremal points of the polar PO 
of a convex polytope as the minimum representation of P and then show 
that PO is the strong closed convex hull of its extremal points. We begin 
with: 
PROPOSITION 1.1. If{x,* ] (Y E a} is a representation for a convex polytope P 
then the set A = {x,* ( OL E %} u (0) is 2-closed. 
PROOF. If y * E X*\A choose x E X such that y*(x) > 1. By definition, we 
can find a finite subset VI,, of ‘u such that x,*(x) < 1 for all OL 6 ‘u, . Therefore 
the X-open set {z* E X* 1$(x*) > l} which contains y* cannot contain 
more than finitely many points of A and hence A is k-closed. 
PROPOSITION 1.2. The minimum representation {x$ E X* 1 fi E S} of the 
convex polytope P is the collection of all extremal points of PO. 
PROOF. Recall that x is a smooth point [4] of a convex body K if there is a 
unique x* E X* having the property that sup x*(K) = x*(x) = 1. It easily 
follows that x* in the above definition is an extremal point of K”. That each 
xg is an extremal point of PO now follows since each z$ supports P at a 
smooth point [I; Proposition 2.71. 
To see that the minimum representation of P contains all of the extremal 
points of PO, we note that the basic duality results stated in the introduction 
imply P” = G; {A$ ] p E b} from which Milman’s converse to the Krein- 
Milman theorem and Proposition 1.1 implies the assertion. 
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In order to prove the main result of this section we need the following 
lemma which follows as a corollary to a result of Bishop and Phelps [2]. 
LEMMA 1.3. If K is a convex body in a Banach space X, then the set r,, 
of all continuous linear functionals on X which assume a supremum of 1 on K, 
is norm dense in the boundary b(KO) of K”. 
PROOF. Let r be the set of all continuous linear functionals which assume 
their sumpremum on K. It is known [2] that r is norm dense in X*. If p 
denotes the Minkowski functional of K’J then it easily follows that 
Let x$ E b(KO) and E > 0 be given. We will prove the assertion by exhibiting 
a point in To whose distance from x$ is less than E. Since K” is bounded, there 
exists S > 0 such that p(z*) < 6 implies 11 z* 11 < E. But since int KO # 4, 
p is continuous and hence the set 
G= W*IP(W*-x~)<$andp(xX--w)<~l 
I 
is open. Therefore K” n G contains some pointy* E r. To see that y*/p(y*) 
is the desired point we merely observe 
lJ P(Y*) [ 




-Y*] + Pry* - $1 
= 1 - P(Y*) + P(Yh - 47 
= PC43 - P(Y*) + P(Y* - $3 
d PN - y*> + p(y* - x,*) -=c 6 
from which the assertion follows. 
THEOREM 1.4. If P is a convex polytope in a Banach space X then PO 
is the strong closed convex hull of its extremal points. 
PROOF. Let r. be as defined in the previous lemma and for each x0 in the 
boundary b(P) of P, let 
qxo) = jx* E r, 1 x*(xo) =1). 
Then if {xz 1 (Y E a} is a representation of P, [l ; Proposition 2.31 implies that 
r,(x,) n {x$ 1 01 E a} is finite. But since r,(x,) is X-compact, convex and 
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extremal in PO, Proposition 1.2 and the Krein-Milman theorem insure that 
r,(x,) C co {x: ( CL E au>. Applying Lemma 1.3 we now have 
PO = co{x* 1 x* E b(PO)j 
= G{x* 1 x* E ro} 
so that the assertion follows from Proposition 1.2. 
If we appeal to the results of [l] (with the slight generalization referred to in 
the introduction) we can now state: 
COROLLARY 1.5. The closed unit ball of the aofjoint of an arbitrary closed 
subspace of c,(E) is the norm closed convex hull of its extremal points. 
2. A CHARACTERIZATION OF DUAL CONVEX POLYTOPES 
In this section we will complete the analogy between convex polytopes 
and their finite dimensional counterparts as mentioned in the introductions 
by showing that the polar of a convex polytope can be characterized as a con- 
vex body which is the weak (xl) closed convex hull of its extremal points, 
where X’ is a certain subspace of continuous linear functionals. 
Throughout this section (x~ 1 01 E au> will denote an arbitrary bounded 
subset of a Banach space X, and X’ will represent all continuous linear 
functionals x’ on X such that for each E > 0, there exists (pi , 01~ ,..., 01~ E ‘u 
having the property that 1 x’(xJ 1 < E whenever (11 # 01~ , CL~ ,..., CQ . Clearly 
X’ is not empty since it contains the trivial functional. If we let {x0: 1 OL E %u) 
be the boundary of the unit ball in Euclidean 2-space then we see that the 
zero functional is the only member of X’. 
PROPOSITION 2.1. x’ is a closed linear subspace of the adjoint X*. 
PROOF. Since the triangle inequality and the definition of x’ imply that X’ 
is a linear space, we need only show that X’ is closed in the norm topology. 
For this suppose {xb 1 n = 1,2,...} is a sequence in X’ which converges to x; . 
Then since {x, ( LY E %} is bounded, for every E > 0 there exists an integer n 
such that ) x&) 1 < 1 xa(xJ ) + 42 for all OL f ‘?I. But the definition of X’ 
implies 1 xk(xJ 1 < 42 for all but a finite number of indices cz and hence the 
assertion follows. 
If (xr. I 01 E %} is a subset of a convex body P, X’ is as defined above and 
P = cox, {x, I OL E a> then P will be called a dual convex polytope, X’ its 
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generator space, and {x~ 1 OL E 2l} a class of defining vertices. Note that a dual 
convex polytope P always has many sets of defining vertices but, as we will 
see in Corollary 2.5, the extremal points of P form a minimum such set. 
THEOREM 2.2. If P is a convex polytope in a Banach space X and if 
{x$ 1 OL E a} is a representation of P, then PO is a dual convex polytope with 
dejning vertices {xz 1 OL E a} and generator space 2. 
PROOF. Let (X*)’ be the set of all x** E X** such that for every E > 0 
there exists a finite subset ‘?l,, of ‘3 which has the property that 1 x**(xz) ] < E 
if (Y E 21\V10 . Proposition 2.1 implies (X*)’ is a Banach space and since P 
is a convex polytope, we have (X*)’ 3 X. It follows from duality that 
P(’ = i%; {x2 1 OL E 9l} and hence we need only show (X*)’ C X. 
For each x* E X* we recall from the introduction that (x*)- is the restric- 
tion of (x*)^ to (X*)‘. The Hahn-Banach theorem implies that 
so that the map x* -+ (x*)” is a linear isometry of X* onto (X*)“. Moreover, 
since 
(Py = (P)” n (x*)’ = (-)px*, E (x*)’ I (x.*>-[(x*)‘] < l} 
is a convex body in (X*)‘, the definition of (X*)’ implies that it is a convex 
polytope in (X*)’ with representation {(x:)-I a E a}. Thus Theorem 1.4 
asserts [(PO)]’ = Co {(x:)-I OL E 2l} where the second polar of the left side 
of the equation is understood to be restricted to members of [(X*)‘]* and 
it should be emphasized that the closure of the convex hull on the right side 
of the above is taken with respect to the norm topology on [(X*)‘]*. But then 
the convex set [(P”)‘]O which has a nonvoid interior in [(X*)‘]* is a subset of 
the Banach space (X*)” so that [(X*)‘]* = (X*)“. If (X*)’ properly contains 
8 then the Hahn-Banach theorem implies the existence of a nontrivial 
f E [(x*)‘]* which annihilates k But by the above, f is of the form (x*)” 
for some x* E X*. Thus we have 0 = (x*)- (a) = x*(x) for all x E X and 
hence x* 3 0. But this is a contradiction since the map x* -+ (x*)” has already 
been observed to be a linear isometry. Therefore (X*)’ = X from which 
the assertion follows as mentioned earlier. 
We now direct our attention toward the converse of Theorem 2.2. For 
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this purpose we will assume that P is a dual convex polytope in a Banach 
space X such that P has generator space X’. Similar to the proof of Theorem 
2.2, we will consider the class 8 of all functional 2 which are the restrictions 
of the functionals 4 to x’. It is also useful to consider the class (xl)- of 
functionals (x’)” which are the restrictions of the functionals (x’)^ to 2. 
Since P is linearly bounded and X’ closed it follows that X’ is total over X. 
Therefore the map 5 -+ 5 is one to one and hence a homeomorphism with 
respect to the weak (X’) and weak ((X’)-) topologies on Xand X, respectively. 
The converse of Theorem 2.2, which characterizes dual convex polytopes 
as the polars of convex polytopes can now be phrased as follows: 
THEOREM 2.3. If P is a dual convex polytope in a Banach space X and if P 
has generator space x’ then Xis linearly equivalent and strongly homeomorphic 
to (X’)* under the map x --f .? and the image P of P is a dual convex polytope 
which satisjies the following : 
(a) p is the polar of a convex polytope. 
(b) The generator space P is (Xl)-. 
If moreover, P is the closed unit ball of X then the homeomorphtim is an 
isometry. 
PROOF. (i) Let {x= /OL E 2l} b e a set of defining vertices for P. We begin 
by showing that P’ = PO n X’ is a convex polytope in the Banach space X’ 
and that P has representation (ZU ( OL E %>. 
Indeed for P’ is clearly a convex body. Moreover since P = Gx, {x- 1 01 E a), 
it follows that x’(zc=) < 1 for all OL E % implies x’(x) < 1 for all x E P. There- 
fore 
PI = n tx’ E x’ 1 x’(x) < 11 
XEP 
= .?, w E x’ I X’(%) < 11 
= a( (x’ E X’ / &(x’) < l} 
from which it is easily seen that P’ is a convex polytope with representation 
p;. / ill E a>. 
(ii) We next observe that p = (P’)O n 8. 
Indeed for 
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where the first equality is valid because of the topological equivalence of the 
space X with its weak (X’) topology and the space X with its weak ((X’)-) 
topology, the second by definition of (xl)- and the third because of the basic 
duality result mentioned in the introduction and the form of P’ displayed 
in (i). 
(iii) We will now show that the linear map x+x” is a strong linear 
homeomorphism of the Banach space X onto the Banach space X. 
For since P is bounded there exists M > 0 such that 11 x 11 > M implies 
x $ P. Thus x” 4 P and hence from (ii), CC $ (P’)” n 2. But since P’ is bounded, 
(P’)” contains 0 in its interior and hence there exists E > 0 such that 1) .C 11 > E. 
We have therefore found E > 0, independent of x, such that 115 11 2 E 
whenever 11 x )I > M. But then 11 M3i’/l\ x 11 1 > E so that II 5 ]I > (e/M) II x )I 
for all x E X. Thus we have 
II x II 2 II x” II 2 & II x II for all XEX, 
where the first inequality comes from the Hahn-Banach theorem as mentioned 
in the introduction and the second from above. 
(iv) To see that P = (P’)” note that 
~=(Pl)on;PI=(CO{~~lIa:E)n;P 
= co{& 1 CY E n> = (p’)“; 
where the first equality follows from (ii); the second and fourth from (i), 
Theorem 1.4 and Proposition 1.2; while the third follows from the fact that X 
is a Banach space which is implied by (iii). It should be emphasized that the 
closed convex hulls in the third and fourth expressions have been taken over 
all of (xl)* rather than k 
(v) That the spaces X and (X’)* are strongly homeomorphic under the 
map x -+x” now follows from (iii) and the fact that P = (P’)” is a convex 
body in (X’)*. Assertion (a) is an immediate consequence of (iv) and (i), 
while (b) follows from (iv), (i), and Theorem 2.2. 
To establish the last sentence of the theorem we note that if P is the closed 
unit ball of X then P’ is the closed unit ball of x’ so that f) = (P’)” is the 
closed unit ball of (X’)* = X. 
Theorem 2.3 can be combined with the results of [l] to show: 
COROLLARY 2.4. If P is a dual convex polytope then the Banach space X 
spanned by P is a$inely and topologically equivalent to the adjoint of a subs-pace 
of a Banach space of the form c,(E). If either P has a countable number of 
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extremal points, or equivalently if X is separable then c,(E) may be taken as 
(c,,). Conversely the unit ball of the adjoint of an arbitrary closed subspace of 
c,,(E) is always a dual convex polytope. 
We conclude our geometrical characterization of infinite dimensional 
dual convex polytopes with: 
COROLLARY 2.5. If P is a dual convex polytope. then the following two 
propositions are valid. 
(a) The set of extremal points qf P is the minimum set of defining vertices 
for P. 
(b) P is the norm closed convex hull of its extremal points. 
PROOF. Using the notation in the proof of Theorem 2.3, note that every 
class of defining vertices for P is a class of representing functionals for the 
convex polytope P’ and hence contains the minimum class of representing 
functionals which by Proposition 1.2 is the set of extremal points of (P’)a. 
Assertion (a) now follows from Theorem 2.2, since (P’)” = P. Assertion (b) 
is an immediate consequence of Theorems 1.4 and 2.3. 
Corollary 2.5 implies the existence of a Choquet simplex in a Banach 
space which is not affinely and topologically equivalent to any dual convex 
polytope. For the set of probability measures on the closed unit interval is 
known to be a simplex which is not the strong closed convex hull of its 
extremal points. We leave as open the question of when a Choquet simplex 
is a dual convex polytope. 
In order to prove the equivalence of a finite dimensional dual convex 
polytope and a convex polyhedron (see introduction for definition) we need to 
make use of the following known lemma. 
LEMMA 2.6. If P is a convex body in a $nite dimensional space X then a 
necessary and sz@cient condition that P be the intersection of a finite number 
of half spaces is that it be the convex hull of a finite number of points. 
A proof of this lemma is contained in [5, Theorems 15-161 where the neces- 
sity is proved by induction on the Hamel dimension and the sufficiency by an 
argument which is essentially dual of the proof of the necessity. The alternate 
proof which we offer below is cited here because of its motivating influence 
on the formulation and proofs of Theorems 2.2 and 2.3. 
ALTERNATE PROOF OF LEMMA 2.6 
(i) If P can be expressed as the intersection of a finite number of half 
spaces then it has only finitely many faces [1, Proposition 2.71. But since each 
409/I9/2-5 
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extremal subset of P is the intersection of finitely many faces [I, Theorem 2. I], 
we see that P can have at most a finite number of extremal subsets and hence 
a finite number of extremal points, from which the necessity follows. 
(ii) To prove the sufficiency let P = z{xd 1 i = 1,2,..., n}. Then the 
duality mentioned in the introduction implies 
PO = h {x* EX* 1 x*(xi) < 1) 
i-1 
so that (i) above implies the existence of XT, xz,..., x; E X* such that 
PO = co(xf 1 i = 1,2,..., m}, from which duality again implies 
(P)” = f-j {x** E x* 1 x**(X”) < l}. 
kl 
But since X is reflexive and P is a convex body, (PO)” = p SO that 
P = fi {i E 8 1 qx:> < I} 
i=l 
from which the assertion follows. 
THEOREM 2.7. A convex subset of a Jinite dimensional space X is a comex 
polyhedron if and only if it is a dual convex polytope. Conversely ;f a convex 
polytope in a Banach space X is a dual convex polytope then X k finite dimm- 
sio?uzl. 
PROOF. (i) If P is a convex polyhedron in a finite dimensional space X, 
then Lemma 2.6 implies it has only a finite number of extremal points so that 
it must be a dual convex polytope. If, on the other hand, P is a dual convex 
polytope in X then Theorem 2.3 implies that it can be viewed as the polar 
of a convex polytope K which by [l, Theorem 2.21 is a convex polyhedron. 
Thus Lemma 2.6 implies that K is the convex hull of a finite set so that 
P = Ks is seen to be a convex polyhedron by duality. 
(ii) Finally, we recall from [l, Theorem 2.41 that a convex polytope in an 
infinite dimensional space cannot contain any extremal points so that the 
converse assertion follows from Corollary 2.5. 
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